Using the spherical basis of the spin-ν operator, together with an appropriate normalized complex (2ν + 1)-spinor on S 3 we obtain spin-ν representation of the U(1) Hopf fibration S 3 → S 2 as well as its associated fuzzy version. Also, to realize the first Hopf map via the spherical basis of the spin-1 operator with even winding numbers, we present an appropriate normalized complex three-spinor. We put the winding numbers in one-to-one correspondence with the monopole charges corresponding to different associated complex vector bundles.
Introduction and motivation
Hopf maps have found many applications in the physical and mathematical systems. The study of the magnetic monopoles [1] [2] [3] [4] , entanglement [5, 6] , the simple two-dimensional isotropic classical harmonic oscillator [7] , Landau levels [8] and fuzzy physics [9] [10] [11] [12] are some applications of the theory of Hopf maps. The classical first Hopf fibration, as the simplest nontrivial example, is used to define a non-singular vector potential due to Dirac's monopole in every point of the total space S 3 . Indeed, the Hopf fibration over the base manifold S 2 corresponds to the gauge symmetry group U(1) for the monopole connection. From a mathematical point of view, this problem corresponds to the topological description of the threesphere in terms of circles and a two-sphere. The only known matrix formulation to construct the Hopf map from S 3 to S 2 is to use Pauli matrices and a normalized complex two-spinor which represents the coordinates on the total space 1 . The Schwinger operator formalism of fuzzy twosphere is also interpreted as an operator generalization of the usual Hopf map. The fully symmetric representation of SO (3) group with the Schwinger operator formalism gives a finite number of states on two-fuzzy sphere [13, 14] . Furthermore, the complex ( + 1)-spinor used for describing the first Hopf fibration leads to introducing the projector and Chern character corresponding to (− )-1 Throughout this paper, the "spinor" terminology is used instead of the vector valued function only for brevity's sake. monopole charge, as well as their fuzzy versions [15, 16] . Here, a natural question arises: does there exist an extension of matrix realization of the first (fuzzy) Hopf map to higher dimensional matrices, so that it corresponds to the monopole charge − ? In this paper, we apply the spherical components of the spin-ν operator to make the first Hopf map from S 3 to S 2 and then to generalize the formalism to the fuzzy case. This paper is arranged as follows: in Section 2, we briefly review the realization of the first Hopf fibration by the Pauli matrices and a normalized complex two-spinor. Then, in Section 3, we use the spherical basis of the spin-ν operator as well as an appropriate normalized complex (2ν +1)-spinor to realize Hopf map from S 3 to S 2 . In Section 4, we give a brief review on fuzzy two-sphere. Later, similar to what has been done in references [13, 17] for the U(1) principal (Hopf) fibration via the Pauli matrices, we will introduce the fuzzy analog of (2ν + 1)-spinor which realizes the fuzzy first Hopf map to generate the three non-commuting coordinates of fuzzy two-sphere. Finally, Section 5 is devoted to the realization of the first Hopf map via an appropriate normalized complex threespinor with even winding number κ. The parameter κ not only describes different maps from S 2 to S 2 but the associated complex vector bundles corresponding to different monopole charges are also expressed in terms of κ.
The Hopf fibration S
, is given by:
The right U(1)-action transforms the point ( 1 2 ) of S 3 onto another point of S 3 ,
while the set of points ( 1 2 ) with ∈ U (1) 
This means that the inverse image of any point on S 2 is a circle on S 3 , the so-called Hopf circle. The Hopf construction of the U(1)-bundles (Hopf fibration) is a natural result of the fact that the two-sphere is a homogeneous manifold, i.e. S 2 ∼ = SU(2)/U(1).
First Hopf map from irreps of SU(2)
Consider the generators J 1 , J 2 and J 3 of (2) Lie algebra with the following commutation relations:
The irreducible spin-ν representation of SU (2) is realized in the Hilbert space through ν = span {|ν ; = ν ν − 1 −ν} with the orthonormality relation ν |ν = δ for the bases as below
where
The parameter ν takes both positive integer and half-integer values. The (2ν + 1) × (2ν + 1) matrix representation of the generators J 1 , J 2 and J 3 can be realized as
Note that both rows and columns are numbered starting at 0 instead of ν or −ν.
In Ref. [15] , it has been shown that the complex (2ν + 1)-spinor φ( ) leads to a finite-projective-module description of −(2ν)-monopole on the two-sphere S 2 . φ( ) as a vector-valued equivariant map on S 3 is normalized to unity and is transformed multiplicatively under
Now, using equations (6), it is easy to obtain the spin-ν representation of the first Hopf map (1) as below
First fuzzy Hopf map from irreps of SU(2)
The algebra of fuzzy sphere is generated by X satisfying the commutation relations [13, 14, [17] [18] [19] [20] [
as well as the embedding condition X X = 1. The noncommutative coordinates of (10) 
Eqs. (11) (3) group with the Schwinger operator formalism gives a finite number of states on two-fuzzy sphere [13, 14] . By definition, the algebra N is identified with the algebra of (N +1)×(N +1) complex matrices, which act on an (N + 1)-dimensional Hilbert space N . In this formulation, one considers the elements of N acting on the finite dimensional Hilbert space N spanned by the following set of orthonormal bases,
where = 0 1 2 · · · N; and |0 is the vacuum state.α is a central element since it commutes with the generators X of the fuzzy algebra.
Now for ν = 1 2 , as a noncommutative generalization of the first Hopf map (9), it is natural to introduce a fuzzy analog of the (2ν + 1)-spinor φ( ) in order to obtain the noncommutative coordinates of the fuzzy two-sphere as follows (The case ν = 1 2 has been introduced in Ref. [13] )
Φ is constructed from φ( ) by replacing 1 and 2 with 1 and 2 , respectively. To obtain X in (13) we have used the following relation
It is straightforward to show that the components of the noncommutative (2ν + 1)-spinor satisfy the following closed commutation relations for the extended generators of the two-fuzzy sphere
Fuzzy Hopf map (13) is an extension of Eq. (7) of Ref. [13] defined by the Pauli spin-1 2 matrices. It must be emphasized that for the normalized (2ν + 1)-spinor given in (13), the projector and Chern character have been calculated in Ref. [16] and topological charge −2ν has been obtained in the classical limit N → ∞.
The case ν = 1

First Hopf map, winding numbers and the Bott projectors
Here, we introduce a complex three-spinor on S 3 for a given non-zero even number κ
. φ κ ( ), as a vector-valued equivariant map on S 3 , is normalized to unity and is transformed multiplicatively under U(1)-action,
Note that it is necessary to take κ as an even number in order to avoid branch cut singularities. Consider the alternative Hopf fibrations π (κ) of the total space S 3 over the base manifold S 2 as
with the spherical components of the spin-1 operator given by (6), are maps from S 2 to S 2 , i.e. x → x (κ) (x), and they are separated from each other by the winding number. Note that x → x (κ) (x) reduces to an identity map for κ = 2. For κ > 0, a family of projectors, the so-called the Bott projectors, can be constructed as [17, 18] 
Under the U(1)-action → , the Bott projector (21) is invariant and therefore P κ is a function of x = ( 1 2 3 ). The normalization to unity in Eq. (17) gives the following results:
and
Finally, the Hopf fibration π (κ) associated with the U(1)-invariant projector P κ is given by
From (16) it immediately follows that the transpose of the projector (21) is again a projector,
Similar to what has been explained in Ref. [17] , one sees from (23) that P −κ (x) and P κ (x) have opposite winding numbers. In the next section we show that the complex three-spinor φ κ ( ) on S 3 leads to a finite-projectivemodule description of (−κ)-monopole on the two-sphere S 2 .
(−κ)-Monopole charge for the model
Denote by E (κ) the associated complex vector bundle corresponding to the action φ κ ( ) → κ φ κ ( ) of U (1) . Also,
(S 2 C) be the commutative algebras of C-valued smooth functions on the total space S 3 and the base space S 2 under point-wise multiplication, respectively. Using differential calculus (Ω * ( C ) ) on C we can associate to the Bott projector P κ a canonical connection on the module of sections
Therefore, the curvature operator as an C -linear map is given by
The
corresponding to (26) has a very simple expression in terms of the complex three-spinor as well as ( 1 2 ) coordinates of S 3 ,
Under the right U(1)-action ( 1 2 ) → ( . Now, it is straightforward, although lengthy, to show that , the first Chern number corresponding to the associated complex line bundle E (κ) is calculated as below
As it has been proven in Ref. [15] the transposed projector has the topological charge differing in sign from the starting point, i.e.
For the special case κ = 2, the Hopf map (20) is reduced to the ordinary Hopf map (1) and its corresponding projector describes a complex vector bundle with a −2 charge monopole.
An equivalent (−κ)-monopole projector
An equivalent form of the complex three-spinor on S 3 given in (16) can be introduced as
which is normalized to unityφ † κ ( )φ κ ( ) = 1. This again allows us, for κ > 0, to make an idempotent Hermitian projector of rank 1 as
Once again this projector can be considered as a function of x, i.e.P κ =P κ (x). Topological charge for (33) is again −κ, and this means that the projectorsP κ and P κ are equivalent. Also, the transpose of (33) would be a projector equivalent to P −κ (x) given by (25) with the topological charge κ.
Concluding remarks
The first Hopf map (1) implies that the sphere S 3 ∼ = SU(2) is a principal circle bundle over S 2 , i.e. S 2 ∼ = SU(2)/U(1) which, in turn, leads to the topological fact that the third homotopy group of the S 2 is non-trivial. Furthermore, the generators (6), as the spherical basis of the spin-ν operator, are the (2ν + 1)-dimensional irrep of SU(2) Lie group. The normalized complex (2ν + 1)-spinor (7) on S 3 , which characterizes a monopole bundle with topological charge −2ν, together with the (2ν + 1)-dimensional irrep of SU(2) produce Hopf fibration S 1 → S 3 π −→ S 2 as Eq. (9). Moreover, as it has been shown in (13) , the coordinates (11) for fuzzy two-sphere can be extracted by a Hopf map via the spin-ν operator together with a fuzzy analog of the (2ν + 1)-spinor. Also, for the special case ν = 1, by introducing the fields x (κ) (x) as the maps from S 2 to S 2 , which are separated from each other by even winding number κ, the monopole charges −κ corresponding to different associated complex vector bundles E (κ) are calculated.
